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We develop a new theoretical approach for modelling a wide range of semiconductor-
superconductor structures with arbitrary potential barriers and a spatially-dependent 
superconducting order parameter. We demonstrate asymmetry in the conductance spectrum as a 
result of a Schottky barrier shape. We further show that Andreev reflection process can be 
significantly enhanced through resonant tunneling with appropriate barrier configuration, which 
can incorporate the Schottky barrier as a contributing component of the device.  Moreover, we 
show that resonant tunneling can be achieved in superlattice structures as well. These theoretically 
demonstrated effects along with our modelling approach enable much more efficient Cooper pair 
injection into semiconductor-superconductor structures, including superconducting optoelectronic 
devices. 
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I. INTRODUCTION 
 
Semiconductor-superconductor hybrid devices are a growing field of research, which holds 
promising applications due to the superconducting proximity effect and the ability to use various 
nontrivial quasiparticle states for quantum devices and applications. Many types of hybrid 
semiconductor-superconductor devices have been successfully fabricated [1,2,3,4] and 
characterized, with some of the experimental results showing interesting phenomena, such as 
asymmetry in the conductance spectrum [1]. Moreover, various applications involving 
semiconductor-superconductor structures have been shown [5,6,7,8,9,10,11]. These include 
superconducting light emitting diodes (SLEDs) [5,6,7,9] and superconducting quantum dots 
capable of emitting entangled photon-pairs [8], Bell-state analyzers [10] and semiconductor-
superconductor based waveguide amplifiers [11]. This wide range of novel devices takes 
advantage of Andreev reflection [12] at the superconductor-semiconductor interface [1,2,3,4], to 
directly inject electron Cooper-pairs into the semiconducting side of the junction. The injected 
electron pairs can then undergo radiative recombination with holes to generate entangled-photon 
pairs, which are of great importance to the field of quantum information [13,14]. The Cooper-pair 
injection efficiency is highly dependent on the properties of the materials used, such as the 
coherence length of the superconductor and the mean free path in the normal material. Moreover, 
the shape of the potential barrier at the junction, chemical potentials and effective masses can have 
a considerable effect on carrier transport. 
A simple but very successful theory for describing the transport mechanisms in 
superconductor-normal (SN) junctions is the Blonder-Tinkham-Klapwijk (BTK) model [15] 
which assumes a delta-like potential barrier and provides an analytical approach for calculating 
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the transport properties of the SN barrier based on the Bogoliubov-de Gennes (BdG) equations. 
The BTK model has been applied to describe various SN junction types, including superconductor-
magnetic semiconductor junctions [16], superconductor-ferromagnet junctions [17,18] and metal-
heavy-fermion superconductor junctions [19,20]. Moreover, the BTK model has been modified to 
include angle dependence [21] and high-Tc superconductors [22]. However, these approaches are 
based on the delta-barrier approximation, and in order to obtain results for structures involving 
elaborate potential barriers, full calculation of coupled BdG equations must be performed using 
the properties and the band structure of the semiconductor. 
Here we develop a complete model based on the finite element approach, enabling analysis 
of a wide range of semiconductor-superconductor structures with arbitrary potential barriers and a 
spatially dependent superconducting order parameter. Furthermore, we show that by designing the 
spatial dependence of semiconductor bandgap, the Andreev reflection process can be enhanced by 
resonant tunneling with an appropriate semiconductor structure. The enhancement can be achieved 
using a single quantum well, or with a superlattice design. We calculate the Cooper pair injection 
efficiency and the reflection/transmission efficiencies while taking into account different effective 
masses and Fermi levels of each of the materials comprising the device. Results obtained match 
the BTK model for the simple delta-barrier approximation, and display new behavior for enhanced 
Andreev-reflection structures. 
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II. FINITE ELEMENT MODEL 
 
Our model is based on the Bogoliubov-de Gennes (BdG) equations resulting from the 
Bardeen-Cooper-Schrieffer (BCS) model [23]. The BdG equations describe the behavior of 
superconductors at finite temperatures with electron-hole quasi-particles which are formed as 
excitations of the BCS ground state and therefore depend on the binding term ∆(𝑥𝑥) - the coupling 
parameter of the superconductor. The BdG equations can be written in the following form: 
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where (x, t)u , (x, t)v  represent the quasi-particle wavefunctions, V(x) is an arbitrary spatial potential 
and ( )xµ  is the chemical potential, which at low temperatures of superconductivity can be 
approximated to be equal to Ef - the Fermi energy. In our model, V(x) is taken to be equal to Ec(x) 
[24,25]. Since Ec(x) is defined as the bottom of the conduction band, the kinetic energy of the 
quasiparticles is Ek(x) = Etot(x) - Ec(x) = Etot(x) - V(x). The combination of different materials in 
our model requires including a spatially variant effective mass m(x) (Eq. 1). Spatially varying 
parameters have been shown to result in the Hamiltonian becoming non-Hermitian [26], 
preventing the use of the standard kinetic term ℏ
2
2𝑚𝑚(𝑥𝑥) ∇2 in our model. The correct Hermitian form 
of the kinetic term has been proven to be ℏ
2
2
∇
1
𝑚𝑚(𝑥𝑥) ∇ [27]. At the core of the finite element method 
(FEM) approach used in our modeling is the division of a given domain into N equal segments 
along the x axis (perpendicular to the SN interface), where the solution of the entire problem can 
be represented by a sum of characteristic basis functions 𝜙𝜙𝑛𝑛 spanning each n-th segment [28,29]: 
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When solving the Schrodinger equation in its stationary form, the characteristic basis functions 𝜙𝜙𝑛𝑛 
can be chosen to be the solutions of the Schrodinger equation. In our model, the segments were 
assumed to be small enough so that the potential in each segment is approximately constant 
(piecewise constant approximation). This allows choosing plane waves as the basis functions for 
our total solution as they are the exact solutions for each segment [30].  In addition, we further 
divide the structure into two regions: the barrier region which includes the arbitrary potential and 
has N1 segments, and a termination region including N2 segments with N1+N2=N (Fig 1 b,c). The 
additional termination region is defined to ensure proper scattering formulation and is located 
inside the superconductor. Thus, for the steady-state case, the solutions for the BdG equations for 
a specific segment are coupled plane waves with the following energy momentum relations: 
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where kn+, kn- denote the momenta of the quasiparticles involved, Vn , Δn, mn, En, Ef are the values 
of the potential barrier, the coupling coefficient, effective mass, quasiparticle energy and the Fermi 
energy for the n-th segment respectively (Fig. 1). As our model and calculations extend to a 
relatively small energy range around the superconducting gap parameter Δ, they satisfy the 
requirement of the long-wavelength or low-excitation limit of BdG theory. In general, arbitrary 
potential barriers V(x) do not have to be continuous. Therefore, even for discontinuities in the 
effective mass, potential or superconducting gap, the basic requirement for the continuity of the 
wavefunction is always fulfilled.  
 Since the arbitrary potential in our model is approximated in terms of small segments, in 
which the barrier is constant, the only possible change between the potentials of neighboring 
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segments is a step function (Fig 1c). These step functions are artificial discontinuities resulting 
from the finite resolution of the finite-element model – in contrast to the physical discontinuities 
which are an inherent part of the problem. Thus, the requirement of a large number of segments N 
is necessary in order to obtain an accurate numerical solution to satisfy the piecewise constant 
approximation. It has been shown [31] that for the one-dimensional stationary Schrodinger 
equation, the error of the solution scales as the inverse of the number of segments N for a piecewise 
constant potential approximation. Therefore, increasing the number of segments strongly enhances 
the accuracy of the resulting solution. Moreover, as the number of segments N increases, the 
artificial discontinuities resulting from the numerical model that occur between the neighboring 
segments vanish, leaving only the original physical discontinuities which must be accounted for 
in any solution – numerical or analytical. For the case of effective mass spatial variation described 
by a step function, it was shown that the Hermitian form of the Hamiltonian (Eq. 1) leads to 
effective-mass-dependent boundary conditions [27]: 
where mi and ψi are the effective mass and wavefunction on each side of the boundary respectively. 
In our model, the boundary conditions specified above are included in each transfer matrix and 
thus lead to a proper description and solution of the problem at hand. 
1 2
1 2
1 2
1 1
m x m x
ψ ψ
ψ ψ
=

∂ ∂ = ∂ ∂
 (4) 
 7 
The quasi-particle wavefunction in its most general form (including its derivative) for a 
single segment is: 
where  Ψ𝑛𝑛𝑢𝑢(𝑥𝑥),Ψ𝑛𝑛𝑣𝑣(𝑥𝑥) describe the two components of the quasi-particle wavefunctions u(x),v(x). 
The general wavefunction is composed of four different plane waves, each corresponding to a 
quasi-particle state (electron-like or hole-like) and a propagation direction. For a segment with a 
given thickness ln, the wavefunctions on each side of the segment are related through the segment 
scattering, or transfer matrix Mn: 
where Ψ���⃗ 𝑛𝑛 includes the quasi-particle wavefunctions and their derivatives, a total of four terms and 
L is the location of the n-th segment. 
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Fig 1. (a) A schematic diagram for the dispersion relation on each side of the barrier. a represents the reflected hole 
(Andreev reflection), b represents a reflected electron c and d represent the transmitted quasi-particles and e represents 
an incoming electron. (b) A spatial diagram depicting an arbitrary barrier structure as well as the division into two 
distinct regions; the barrier region and the termination region. The barrier region includes the arbitrary barrier structure 
along with superconducting gap variation and takes into account both inbound and outbound particles. The termination 
region includes constant potential and constant supercodncuting gap values, and only supports outbound 
quasiparticles. (c) Closeup of the arbitrary barrier shown in (b). The barrier structure is divided into N1 segments, each 
with a width ln, constant potential Vn (blue) and a characteristic transfer matrix Mn. The same division is performed in 
the termination region with a total number of N2 segments. Several examples of resolution related issues: (1) 
demonstrates how a low resolution can remove fine features of the potential barriers such as the small dip. (2) 
demonstrates that both physical and numerical discontinuities can overlap. (3) demonstrates that low resolution can 
cause the shift of a physical discontinuity. All of the examples above can be corrected through the use of higher 
resolution leaving only physical discontinuities. 
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The general form of the transfer matrix is: 
with 
2 2
2 2 2 2 2 2, , , sin( ), cos( )
n n n n
n n n n n n n n n
n n n n n n
u v u v s k l c k l
u v u v u v
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coefficients un,vn are the local wavefunction amplitudes, ln is the width of the segment, 𝑘𝑘𝑛𝑛± are the 
wavenumbers an mn,mn+1 are the effective masses of the n-th and n+1-th segments. These matrices 
thus fully characterize the physics behind the model presented in our manuscript with similar 
methods being successfully applied for the case of superlattices [39,32] and arbitrary potentials 
[33] which also contain physical potential discontinuities and can simulate the effects of delta 
barriers. Since spatially varying parameters such as the effective mass, superconducting gap 
parameter and the potential are not necessarily continuous, adjacent transfer matrices Mn and Mn+1 
can be quite different.  
Since there are N total segments to the barrier, the transfer matrix for the arbitrary potential 
barrier MBar is: 
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The termination region has a simplified scattering matrix MTer with only the outgoing terms, so 
that the total transfer matrix MTot is: 
1 1N Ter Bar TotM M MΨ = Ψ = Ψ
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 (9) 
The exterior boundary conditions are:  
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where -S denotes the starting coordinate of the arbitrary spatial potential and L denotes its end. a,b, 
c,d are the scattering amplitudes, Ψ���⃗ 1𝐼𝐼 is the incident electron wavefunction in the semiconductor, 
Ψ���⃗ 1
𝑅𝑅 is the reflected electron and hole wavefunction in the semiconductor and Ψ���⃗ 𝑁𝑁𝑇𝑇 is the transmitted 
quasiparticle wavefunction in the superconductor. The '1' and 'N' subscripts denote the segments 
each wavefunction belongs to.  Eq. 10 describes the relation between the boundary conditions on 
either end of the barrier potential, from which scattering amplitudes can be extracted to obtain the 
reflection/transmission probability coefficients: 
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where A(E) is the probability of a hole reflecting (Andreev reflection), B(E) is the probability of 
an electron reflecting, C(E),D(E) are the probabilities for the transmission of the quasi-particles 
and m1, mN are the effective masses of the quasiparticles in the semiconductor and superconductor 
respectively.  
Since current is conserved, it can be calculated at any point along the structure. Similar to 
the case of the BTK model, the choice in our model is to calculate the current on the normal side 
of the structure. Thus, an expression for the differential conductance of the junction, which takes 
both the forward and backward currents into account, can be obtained [15]: 
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where 𝑓𝑓0 is the Fermi-Dirac distribution, VApp is the applied voltage, N(0), vF, Ajunc are the normal-
material electron density of states (DOS), Fermi velocity and the area of the junction cross section 
respectively at the cross-section in which the current is being calculated. The calculation of the 
conductance spectra includes only the derivative of the Fermi-Dirac distribution 𝑑𝑑𝑓𝑓0(𝐸𝐸 −
𝑒𝑒𝑉𝑉𝐴𝐴𝐴𝐴𝐴𝐴)/𝑑𝑑𝑉𝑉𝐴𝐴𝐴𝐴𝐴𝐴 rather than the distribution itself. Therefore, while the Fermi-Dirac distribution can 
vary due to the spatial variation of the band edge, its derivative around the Fermi level, determined 
by the temperature, will be the same function of energy in different segments – independent of the 
Fermi level distance from the bottom of the band. For T=0, the Fermi-Dirac distributions become 
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Heaviside step functions with the resulting 𝑓𝑓0�𝐸𝐸 − 𝑒𝑒𝑉𝑉𝐴𝐴𝐴𝐴𝐴𝐴� − 𝑓𝑓0(𝐸𝐸)  becoming a rectangular 
window function with a width eVApp. As a result, Eq. (12) can be further simplified: 
22 (0) 1 (e ) (e ) 1 (e ) (e )Junction F Junc App App App App
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I N e v A e A V B V A V B V
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The conduction spectrum is thus directly proportional to the hole (A) and electron (B) reflection 
probabilities. Since the conductance spectrum is typically normalized by the conductance spectrum 
above Tc, coefficients such as N(0), vF and AJunc are canceled out. Nevertheless, phenomena such 
as Fermi velocity mismatch at the junction are still taken into account in our model since both the 
effective mass and k-vectors are included in the transfer matrices. Therefore, any mismatches 
manifest themselves through the transfer matrices. 
 
III. CALCULATION RESULTS 
3.1 Delta barrier structure 
 
Our model allows calculation of transport characteristics of a wide range of semiconductor-
superconductor structures with various potentials. For the sake of simplicity, we have chosen a 
step-like spatial dependence of the superconductor order parameter Δ(𝑥𝑥) = Δ0Θ(𝑥𝑥), where Θ(𝑥𝑥) 
is the Heaviside function.  
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Fig 2. (a) A schematic drawing of the delta barrier structure. (b) Calculated results based on our model for different 
values of barrier strength Z, which coincide with the analytical results obtained used the BTK model. The curves are 
shifted vertically for clarity. For large values of Z, the tunneling process becomes dominant over the Andreev reflection 
process. 
Delta Barrier 
Potential V(x) 𝐻𝐻1[Θ(𝑥𝑥 + 𝐿𝐿1) − Θ(𝑥𝑥) ] 
Effective mass m(x) 𝑚𝑚1 
Superconducting gap Δ(x) Δ1Θ(x) 
Parameters 0 ≤ 𝐻𝐻1 ≤ 700Δ1, 𝐿𝐿1 = 0.002𝑆𝑆, 𝑚𝑚1 = 𝑚𝑚𝑒𝑒 , Δ1, 𝑆𝑆, 𝐿𝐿 = 0.8𝑆𝑆, 𝑁𝑁1 = 5000, 𝑁𝑁2= 5000 
 
Table 1. Summary of the parameters used for the delta barrier structure. ( )xΘ  represents the Heaviside step function, 
H1 and L1 represent the height and width of the square barrier respectively, Δ1 represents the superconducting gap 
parameter, m1 is the charge carrier effective mass, me is the free electron mass, S and L are the pre-barrier and post 
barrier lengths, and N1 and N2 represent the number of segments in the barrier and termination regions respectively. 
In the limit of very small L1 and large H1, 1 1[ ( ) ( )] ( )H x L x H xδΘ + −Θ → , corresponding to a delta barrier with a 
strength parameter H.  
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 In order to verify our model in comparison to the BTK model, we have applied it to the 
simple case of the delta barrier (Fig 2). the delta-potential barrier has been modeled as a high and 
narrow rectangular barrier where the parameter H in Hδ(x) is the product of the height and the 
width of the rectangular barrier. The Z parameter is then defined as Z=kFH/2EF where kF and EF 
are the Fermi wavenumber and energy respectively [15]. As the delta-potential barrier was 
modeled based on a rectangular barrier, its incorporation into the transfer matrices was similar to 
any other barrier, with the segments having to be sufficiently small due to the narrow width of the 
barrier. Figure 2 shows that the results obtained using our model match the analytical results 
provided by the BTK model. 
 
3.2 Schottky and double barrier structures 
Real devices, however, can feature more intricate, spatially varying potentials. A well-
studied potential in non-superconducting structures is the Schottky barrier [34], which forms at 
metal-semiconductor junctions (Fig 3a) and is therefore important for modeling  semiconductor-
superconductor interfaces. Since the tunneling process becomes dominant with an increase of 
either the width or height of the Schottky barrier, strong doping is generally used at the vicinity of 
the junction in order to reduce the width of the Schottky barrier [34]. 
Our calculations provide a full description of superconductor-semiconductor interface with 
a Schottky barrier. Furthermore, we show that since the Schottky potential is asymmetric relative 
to the Fermi level, this results in an asymmetry in the conductance spectrum of the device (Fig 
3b,c). This calculation provides theoretical modelling for the experimental results previously 
obtained [1,35]. It is worth noting that older experiments [35] often present results in the form of 
resistance and not conductance, so that e.g. a zero-bias peak in resistance corresponds to a zero-
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bias dip in differential conductance. For the case of asymmetry due to the presence of a Schottky 
potential barrier, our calculations show that the difference between the asymmetric peaks in the 
conduction spectrum amounts to ~3%. This is consistent with previous experimental results [35] 
which show varying degrees of asymmetry around 2-3%. A variety of material-interface and 
transport related effects were previously considered as possible reasons for the asymmetry, yet 
they were ruled out since they are completely symmetric in nature [35]. Non-ideality of retro-
reflection of the electrons and holes, along with deviations from the spherical Fermi surface at the 
junction, were suggested to be considered as the reasons behind the asymmetry.  
Fig 3. (a) A schematic drawing of a Schottky barrier between a semiconductor and a superconductor. The Fermi level 
lies above the heavily n-doped semiconductor conduction band edge Ec. (b) The Schottky barrier normalized 
conductance around the Fermi level (c) Example of an asymmetric conductance spectra caused by the asymmetric 
nature of a wide Schottky barrier. The inset shows the asymmetry of the peaks around 3%.  
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Table 2. Summary of the parameters used for the Schottky barrier structure. H1 represents the maximum height of the 
Schottky barrier, L1 represents the total length of the Schottky barrier, H2 represents the potential offset between the 
different materials on both sides of the junction, m1 and m2 are the effective mass on each side of the junction. The 
shape of the Schottky barrier is parabolic assuming the depletion region approximation [36]. 
 
Our model takes into account retro-reflection non-idealities which arise as the result of the barrier 
present in the problem as well as Fermi velocity mismatches due to different effective masses and 
k-vectors 
Furthermore, we show that it is possible to significantly enhance Andreev reflection and 
thus Cooper-pair injection into the semiconductor, by the use of resonant tunneling through a 
specially designed double barrier. In this method, a barrier structure can be designed such that 
resonant energy levels exist in the barrier, with the simplest form being a double barrier. Resonant 
energy levels have been shown to enable full transmission without reflection of charge carriers 
[37]. Our calculations show that a Fermi level aligned with one of the resonant levels provides 
strong enhancement of the Andreev reflection process, with conductance reaching twice the 
normal-to-normal conductance. However, misalignment of the Fermi level with any of the 
resonant levels can cause strong suppression of the Andreev reflection process in favor of the 
regular, non-resonating tunneling – similar to the single-barrier case. 
We propose a practically feasible double barrier obtained by adding a square potential 
barrier to the Schottky potential (Fig 4 a). Such a barrier can be designed by using a semiconductor 
Schottky barrier 
Potential  V(x) 
�
𝐻𝐻1
𝐿𝐿1
2 𝑥𝑥
2 + 2𝐻𝐻1
𝐿𝐿1
𝑥𝑥 + 𝐻𝐻1� [Θ(𝑥𝑥 + 𝐿𝐿1) − Θ(x)] + 𝐻𝐻2Θ(−𝑥𝑥) 
Effective mass  m(x) 𝑚𝑚1Θ(−𝑥𝑥) + 𝑚𝑚2Θ(𝑥𝑥) 
Superconducting gap Δ(x) Δ1Θ(x) 
Parameters 𝐻𝐻1 = 100Δ1, 𝐻𝐻2 = 2600Δ1, 𝐿𝐿1 = 𝑆𝑆, 𝑚𝑚1 = 0.041𝑚𝑚𝑒𝑒 , 𝑚𝑚2 = 𝑚𝑚𝑒𝑒 , Δ1, 𝑆𝑆, 𝐿𝐿= 3𝑆𝑆/7, 𝑁𝑁1 = 5000, 𝑁𝑁2 = 5000 
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heterostructure for the square potential and a semiconductor-superconductor interface for the 
Schottky potential, with enhanced Andreev reflection obtained at resonant energy levels. While 
the resonant effect we observe is caused solely due to the shape of the barrier, it was previously 
shown that reflection of quasiparticles between a superconducting gap and an offset delta potential 
[38] can also result in resonant effects. The various conduction spectra obtained from the double 
barrier potential lead to two important observations. 
  
Fig 4. (a) A schematic drawing of a Schottky barrier with an additional square barrier used to form resonant energy 
levels (yellow). Alignment of the Fermi level (red) with a resonant energy level results in a strong enhancement of the 
Andreev reflection process. (b) Normalized conductance for various well width offsets where ΔW = 0 where resonant 
tunneling is achieved. WR is the width of the well that results in bound state energy coinciding with Ef. (c) Normalized 
conductance for various square barrier height offsets where ΔH = 0 is the value for which resonant tunneling is 
achieved. ER is the value of the resonant energy level relative to the bottom of the barrier. For both (b) and (c), a 
suppression of the Andreev reflection process can be observed, confirming the ability of resonant energy states to 
enhance Andreev reflection. The curves are shifted vertically for clarity. 
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Table 3. Summary of the parameters used for the Schottky double barrier structure. H3 represents the height of the 
square barrier, L2 represents the distance of the square barrier from the junction and L3 represent its width. Since a 
barrier structure can be obtained by materials with very similar properties (e.g. alloys of AlxGa1-xAs with varying x), 
the effective mass in the barrier was assumed to be equal to that of the rest of semiconductor side. 
 
The first observation is that although Schottky barriers are limiting factors when designing 
proper contacts, they can be utilized to form double barriers containing resonant levels. These in 
turn can be used to enhance transmission, thus giving Schottky barriers a useful role in the device. 
The second important observation relates to the factors required to achieve enhancement of the 
Andreev reflection process. While reducing the difference ΔE=Ef-Eres (with the resonant level 
centered at Eres) is a key requirement for alignment, the superconducting gap parameter Δ and the 
characteristic width of the resonant level 𝛤𝛤, must also be taken into account (Fig 5), with three 
important regimes to be considered. 
∆≫ 𝛤𝛤 regime: The first regime is for the case of ∆≫ 𝛤𝛤. In this regime, the width of the 
resonant level is much smaller than the superconducting gap. This has an important implication: 
while enhanced Andreev reflection does occur, it only occurs in a small energy range of the 
superconducting gap determined by the resonant tunneling bandwidth  𝛤𝛤  rather than occurring all 
Schottky + Square barrier 
Potential  V(x) 
�
𝐻𝐻1
𝐿𝐿1
2 𝑥𝑥
2 + 2𝐻𝐻1
𝐿𝐿1
𝑥𝑥 + 𝐻𝐻1� [Θ(𝑥𝑥 + 𝐿𝐿1) − Θ(x)] + 𝐻𝐻2Θ(−𝑥𝑥) + 𝐻𝐻3[Θ(𝑥𝑥 + 𝐿𝐿2 + 𝐿𝐿3)
− Θ(𝑥𝑥 + 𝐿𝐿2)] 
Effective mass  m(x) 𝑚𝑚1Θ(−𝑥𝑥) + 𝑚𝑚2Θ(𝑥𝑥) 
Superconducting gap Δ(x) Δ1Θ(𝑥𝑥) 
Parameters 𝐻𝐻1 = 200Δ1, 𝐻𝐻2 = 2600Δ1, 0 ≤ 𝐻𝐻3 ≤ 400Δ1, 𝐿𝐿1 = 0.6𝑆𝑆, 𝐿𝐿2 = 0.8𝑆𝑆, 𝐿𝐿3 = 0.1𝑆𝑆, 𝑚𝑚1= 𝑚𝑚𝑒𝑒 , 𝑚𝑚2 = 𝑚𝑚𝑒𝑒 , Δ1, 𝑆𝑆, 𝐿𝐿 = 0.8𝑆𝑆, 𝑁𝑁1 = 5000, 𝑁𝑁2 = 5000 
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across the superconducting gap ∆. Moreover, since the resonant level has a characteristic shape, 
the conductance spectrum assumes the shape of the resonant level rather than the flat shape which 
is characteristic of strong Andreev reflection.  
∆~𝛤𝛤  regime: The second regime is for ∆~𝛤𝛤, where the width of the resonant level is on 
the order of the width of the superconducting gap. This results in the conductance spectrum shape 
being effected by both the characteristic shape of Andreev reflection and the shape of the resonant 
level. Moreover, changes to the energy difference ∆E have a strong effect on Andreev reflection 
being enhanced or suppressed as the overlap between ∆ and 𝛤𝛤 becomes difficult to achieve.  
∆≪ 𝛤𝛤 regime: The third regime is for the relation ∆≪ 𝛤𝛤. In this regime, the width of the 
resonant level is much larger than that of the superconducting gap. This results in the conductance 
spectrum assuming the characteristic shape of the Andreev reflection spectrum. This regime is the 
preferred one, since a broad resonance relaxes the requirement on Fermi level alignment with the 
resonant level. Figures 4b and 4c demonstrate the importance of this requirement relaxation as 
small changes to the width and height of the barrier cause strong suppression of the Andreev 
reflection process. Moreover, through proper design of the barrier, it is possible to control both 
Eres and 𝛤𝛤 with the ability to increase or decrease the magnitude of either parameter. Such control 
is not possible for ∆ as it strongly depends on the superconductor used in the device as well as the 
temperature, and can only be increased by either further cooling the device or replacing the 
superconductor used, with both options being much less feasible than proper barrier design. Figure 
5 demonstrates a sweep of ∆ through all three regimes, with each regime having a conductance 
spectrum that exhibits the magnitude relation between ∆ and 𝛤𝛤. One of the notable features is the 
strong presence as well as asymmetry of side lobes in the third domain (∆≫ 𝛤𝛤). The side lobes are 
a characteristic of the tunneling process (coherence peaks) which appears when Andreev reflection 
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is suppressed. The conductance spectrum (Fig. 5) exhibits both characteristics of Andreev 
reflection (at the center) and tunneling (at the side lobes) as a result of leaving the range of the 
resonant energy level, which causes a shift from one process to another. 
Fig 5. (a) Δ sweep showing all three regimes for the Δ and Γ interplay with Γ ~ Δ0. The curves are shifted vertically 
for clarity. For ∆≫ 𝛤𝛤 (lower third of graph), the conductance spectrum obtains the shape of the resonant energy level. 
For ∆~𝛤𝛤 (middle third of graph), the conductance spectrum obtains a shape affected by both the resonant energy level 
and Andreev reflection. For ∆≪ 𝛤𝛤 (upper third of graph), the conductance spectrum obtains the characteristic shape 
of Andreev reflection. The curves are shifted vertically for clarity. (b) Electron transmission spectrum without 
superconducting gap.  
The strong asymmetry of the side lobes stems from the asymmetry of the resonant energy 
level (Fig 5b). Higher conductance is expected at higher energies as the effective barrier seen by 
the particles becomes smaller. This is evident from the graph as the right lobe is much smaller than 
the left lobe, indicating a stronger contribution from the tunneling process (compared to the 
Andreev reflection process) on the left side.  
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3.3 Superlattice barrier structure 
The idea behind the double barrier resonant states can be expanded to the case of multiple 
barriers – a superlattice [39] (Fig 6a). In such superlattices, resonant bands exist instead of discrete 
resonant energy levels. The typical width of such bands can be designed to be much larger than Δ, 
resulting in relaxation of the requirement to align the Fermi level with the resonance.  
Fig 6. (a) A schematic drawing of the barrier structure for the case of a superlattice with resonant bands (yellow) and 
a Schottky barrier. (b) Electron transmission coefficient for the case of 4 square barrier cells with (blue line) and 
without (orange line) superconducting gap. (c) Normalized conductance with the Fermi level inside one of the bands. 
(d) Conductance spectrum with (blue) and without (orange) a superlattice structure.  
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Superlattice + Schottky barrier 
Potential V(x) 
� 𝐻𝐻3[Θ(𝑥𝑥 + 𝐿𝐿2 + 𝑑𝑑𝐿𝐿3) − Θ(𝑥𝑥 + 𝑑𝑑𝐿𝐿3)]𝐷𝐷
𝑑𝑑=1 + �𝐻𝐻1
𝐿𝐿1
2 𝑥𝑥
2 + 2𝐻𝐻1
𝐿𝐿1
𝑥𝑥 + 𝐻𝐻1� [Θ(𝑥𝑥 + 𝐿𝐿1) − Θ(x)] + 𝐻𝐻2Θ(−𝑥𝑥) 
Effective mass m(x) 𝑚𝑚1Θ(−𝑥𝑥) + 𝑚𝑚2Θ(𝑥𝑥) 
Superconducting gap Δ(x) Δ1Θ(𝑥𝑥) 
Parameters 𝐻𝐻1 = 100Δ1, 𝐻𝐻2 = 2600Δ1, 𝐻𝐻3 = 100Δ1, 𝐿𝐿1 = 0.1𝑆𝑆, 𝐿𝐿2 = 0.1𝑆𝑆, 𝐿𝐿3 = 0.2𝑆𝑆, 𝐷𝐷= 4, 𝑚𝑚1 = 𝑚𝑚𝑒𝑒 , 𝑚𝑚2 = 𝑚𝑚𝑒𝑒 , Δ1, 𝑆𝑆, 𝐿𝐿 = 0.8𝑆𝑆, 𝑁𝑁1 = 5000, 𝑁𝑁2 = 5000 
Table 4. Summary of the parameters used for the superlattice barrier structure. H3 represents the height of each square 
barrier, L2 is the width of each square barrier, L3 is the distance between two such barriers and D is the total number 
of square barriers in the superlattice. 
Multiple barriers form resonant energy bands (Fig 6b) which allow a much stronger 
Andreev reflection (Fig 6c) to occur. Moreover, the width of the bands increases with increasing 
quasiparticle energy, while the forbidden gaps between the bands decrease. Control over the 
number of bands and their distribution is possible through engineering of the superlattice.  
In order to demonstrate that the enhancement of Andreev reflection results from the 
presence of the superlattice, we calculated the conductance spectrum with and without the super-
lattice (Fig 6d). It is possible to note the strong difference the presence of a superlattice has on the 
resulting conductance spectrum, ranging from strong suppression of the Andreev reflection 
process to strong enhancement (to the maximum). 
 
IV. CONLUSIONS 
We have shown that our model provides new insights into the behavior of nanoscale 
interfaces in hybrid semiconductor-superconductor structures such as asymmetrical conductance 
spectra occurring due to the inherent asymmetry of the barriers relative to the Fermi level. Such 
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asymmetric shapes have been observed in various experiments, and although some hypotheses 
have been put forward previously for the origin of the asymmetry [1, 33], no theoretical modelling 
has been performed so far. We have shown, both through theory and numerical calculations, that 
non-ideality of the quasiparticle retro-reflection due to the barrier structure can result in 
asymmetry.  In addition, we have shown that the Schottky barrier, which is generally regarded as 
a significant limiting issue when designing proper contacts and junctions, could have a strong 
contribution to the conduction spectrum when combined with additional features in the barrier. 
The double barrier is an example of a structure which makes use of the Schottky barrier at the 
junction to form resonant energy levels which can strongly enhance the Andreev reflection 
process. Moreover, we have shown that the concept of the double barrier can be expanded to 
superlattice structures which greatly enhance Andreev reflection while simultaneously relaxing 
the condition for matching the Fermi level to resonance. Our results have great potential to increase 
the overall efficiency of superconductor-semiconductor devices through enhanced Andreev 
reflection which corresponds to much more efficient Cooper-pair injection.  
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